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Abstract
We consider the steady-state statistics of turbulence in the inertial interval. The Kolmogorov
flux relation (4/5-law) is shown to be a particular case of the general relation on the current-density
correlation function. Using that, we derive an analogous flux relation for compressible turbulence
and a new exact relation for incompressible turbulence.
PACS numbers:
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I. INTRODUCTION
The Kolmogorov flux relation is a rare exact analytic result one has for the correlation
functions of the velocity v in the Navier-Stokes equation. It is traditionally derived consider-
ing quadratic invariants like kinetic energy in an incompressible flow (or squared vorticity in
two dimensions). Conservation of the kinetic energy,
∫
v2/2, by an unforced Euler equation
means that one can define the energy flux in k-space and write the continuity equation for
the energy spectral density [12]:
Πk = − 1
8π2
∫
d3r
sin(k · r)
r
∂
∂ri
[
ri
r2
∂
∂rj
〈uju2〉
]
.
∂〈|vk|2〉
2∂t
+ div Πk = 0, u(r) ≡ v(r)− v(0). (1)
Stationarity under the action of a large-scale force and small-scale viscosity means the con-
stancy of the energy flux Πk over intermediate wavenumbers [12, 16, 18]:
∇i〈uiu2〉 = −4∇i〈vi(r)vj(r)vj(0)〉 = −4ǫ . (2)
That can also be written for the third moment of the longitudinal velocity difference, ul =
(u · r/r):
〈u3l 〉 = −12ǫr/d(d+ 2) . (3)
Here d is the space dimensionality. For d = 3 one obtains 〈u3l 〉 = −4ǫr/5, which is why the
flux relation is sometimes called 4/5-law. Analogous relations are derived for the passive
scalar turbulence, magnetized and helical flows [2, 4, 14, 15, 23, 25, 26, 27, 29]. If, however,
the respective conservation law is non-quadratic (as the energy in compressible turbulence,
for instance) then it is believed that the analogs of (2) are absent. In addition, there
are no analogs of this relation for velocity moments of the orders n different from three.
Experiments demonstrate that 〈unl 〉 ∝ rζn with the scaling exponents ζn, which are larger
than one but smaller than n/3, see e.g. [10, 12].
In this letter, we re-interpret the Kolmogorov relation in terms of currents and densities
of the conserved quantities, which allows us to derive an analog for a compressible case and
a new fundamental relation for an incompressible case.
2
II. GENERAL RELATION
Consider a general class of classical field dynamics,
∂tq
a +∇ · ja = fa, (4)
where qa, a = 1, ..., N are densities, ja are currents and fa are the external random source
fields. These equations describe local conservation laws and provide a canonical form for the
effective hydrodynamic description of a slow evolution of large-scale perturbations. Since
the zero wave-number component of the density is conserved, low wave-number components
evolve slowly by continuity, see e.g. [13]. The equations are closed via a constitutive relation
that expresses currents in terms of the densities as a series in gradients:
jai = F
a
i ({ρ}) +
∑
jb
Gai,jb({ρ})∇jρb + . . . , (5)
where dots stand for higher order terms involving more derivatives. The zero-order, reactive,
term leads to a conservative dynamics while the first-order term describes dissipation. For
fluid mechanics, consideration of higher order terms in Eq. (5) is usually unnecessary so we
limit ourselves to the following general class, which also contains the Navier-Stokes equation:
∂tq
a +
∂F ai
∂ri
= fa − ∂
∂ri
(∑
jb
Gai,jb({ρ})∇jρb
)
. (6)
We assume the standard mathematical formulation of the problem of turbulence where the
forcing term fa is random and its statistics is stationary, spatially homogeneous and isotropic
[12]. This implies that the same properties hold for the steady state statistics of qa. The
correlation length of the force will be denoted below by L.
The derivation of the Kolmogorov type relation for Eq. (6) proceeds as follows. Consider
the steady-state condition ∂t〈qa(0, t)qa(r, t)〉 = 0 (no summation over a). Employing the
dynamical equation (6) and using statistical symmetries, one finds
0 = ∂t〈qa(0, t)qa(r, t)〉 = −2 ∂
∂ri
〈qa(0, t)F ai (r, t)〉
+2〈qa(0, t)fa(r, t)〉 − ∂
∂ri
〈
qa(0, t)
(∑
jb
Gai,jb({ρ}(r, t))∇jρb(r, t)
)〉
.
We consider the limit of large correlation length L of the forcing. That allows one to consider
r much smaller than L yet still large enough, so that the last term becomes negligible as
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containing higher order of spatial derivatives. Because r ≪ L we have fa(r, t) ≈ fa(0, t)
and 〈qa(0, t)fa(r, t)〉 ≈ 〈qa(0, t)fa(0, t)〉 ≡ ǫa, where the constant ǫa is the mean input rate
of (qa)2. Hence we obtain for the single-time correlation function
∇i〈qa(0)F ai (r)〉 = ǫa. (7)
Assuming in addition isotropy one finds
〈qa(0)F ai (r)〉 =
ǫari
d
. (8)
III. PARTICULAR CASES
A simple example is the passive scalar turbulence when some substance with the density
q and diffusivity κ is carried by a flow with the velocity v. The current is j = qv − κ∇q.
The flux (Yaglom) relation is as follows: 〈q(0)q(r)v(r)〉 = ǫr/d.
Another example is the turbulence of a barotropic fluid where the pressure p(ρ) is a
function of the fluid density ρ only. In this case, q = (ρv, ρ), F ij = ρvivj + p(ρ)δij and
j4 = ρv. The equations have the form
∂tρ+∇ · (ρv) = 0, ∂t(ρvi) + ∂j(ρvivj + pδij) (9)
= −∂j
[
Gij,kb({ρ})∇kρb
]
+ f i, (10)
where we took into account that j4 = ρv is exact to all orders. The source often has the
form f i = ρ∇iΦ that corresponds to an external potential Φ (the analysis below can be
easily generalized to other types of forcing as well). The exact form of Gij,kb is not important
below but its presence is necessary for a steady state. Indeed, the rhs of Eq. (10) breaks the
energy conservation; the steady state holds due to the balance of the forcing that pumps
fluctuations into the system and the dissipation that erases them. Now we use the general
relation (8) to derive the new relation for the compressible turbulence described by Eqs. (9)-
(10). The application of the relation to q4 = ρ with ǫ4 = 0 gives 〈ρ(0, t)ρ(r)vi(r)〉 =
0. In fact this result holds for any relation between r and L. Indeed, the steady-state
condition ∂t〈ρ(0, t)ρ(r, t)〉 = 0 = ∂i〈ρ(0)ρ(r)vi(r)〉 applied to the general (isotropic) form
〈ρ(0)ρ(r)vi(r)〉 = A(r)ri, gives A = Cr−d, so that regularity at the origin requires C = 0.
Application of Eq. (8) to qj with j = 1, 2, 3 gives a non-trivial relation∑
j
〈ρ(0)vj(0) [ρ(r)vj(r)vi(r) + p(r)δij]〉 = ǫri
d
(11)
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where ǫ is defined in this case as 〈ρ(0)v(0) · f (0)〉 = ǫ (we summed over j to get a more
symmetric result). To the best of our knowledge, the formula (11) is new and presents
a desired analog of Kolmogorov relation for the compressible turbulence see e. g. [21].
Probably, this relation was not derived before because it demands considering the steady-
state condition for the fourth-order correlation function 〈ρ(0, t)vj(0, t)ρ(r, t)vj(r, t)〉, while
usually in trying to find Kolmogorov type relations one considers steady state conditions for
the second moment, like in magnetohydrodynamics by [25]. Note in passing that one can
choose q as the energy density and obtain yet another relation analogous to (15) below.
In the incompressible limit, ρ = const and ∇ · v = 0, the pressure term is zero; again,
since it is a divergence-free vector that must be regular at the origin [see 22]. In this case,
(11) is reduced to (2),
〈vi(r)vj(r)vj(0)〉 = ǫri/d , (12)
and Eq. (3) is implied. Hence (11) is indeed a general form of the Kolmogorov relation for
an arbitrary Mach number. As we see, from a general viewpoint, the relation follows from
the stationarity of the pair correlation function of the momentum density rather than from
the energy spectral density. Indeed, ǫ in (11) is the input rate of the squared momentum
and not that of the energy, which coincide (up to the factor 1/2) only in the incompressible
case.
We have shown how the Kolmogorov relation exploits the momentum conservation. Now
in the same way we shall exploit the energy conservation and derive a new fundamental
relation for incompressible turbulence. Energy conservation in the incompressible case means
that the Navier-Stokes equation can be written as a continuity equation for the kinetic
energy:
∂
∂t
v2
2
= − ∂
∂ri
[
vi
(
v2
2
+ p
)]
+ f · v + νvi∇2vi. (13)
That means that one can choose q = v2 which turns the general form (8) into a fifth-order
relation. The only difference from the third-order relation (12) is that the pressure term
is now nonzero. Note first that the condition ∂〈v4〉/∂t = 0 gives the single-point pressure-
velocity correlation function:
〈v2vi∇ip〉 = 〈f · vv2〉+ ν
〈
v2vi∇2vi
〉
. (14)
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For the different-point moment, Eq. (8) gives
∂
∂ri
〈
vi(r)
[
v2(r)
2
+ p(r)
]
v2(0)
〉
= 〈f (r) · v(r)v2(0)〉+ ν 〈v2(0)vi(r)∇2vi(r)〉 . (15)
This relation can be further simplified by decoupling small-scale and large-scale fields. Force
and velocity are large-scale fields that change over the scale L so that one can put 〈f (r) ·
v(r)v2(0)〉 = 〈f ·vv2〉 at r ≪ L as we did in deriving (8). Velocity differences and derivatives
are small-scale fields that change respectively over the scale r and the viscous length η see
e. g. [12]. In particular, the local energy dissipation, νvi(r)∇2vi(r), is a small-scale field
with the correlation radius η. When the distance r is in the inertial interval, r ≫ η, one can
decouple large-scale and small-scale fields: ν 〈v2(0)vi(r)∇2vi(r)〉 ≈ −ǫ〈v2〉. We also denote
V = v(r) + v(0) and present
4
〈
vi(r)v
2(r)v2(0)
〉
= −
〈
ui
[
v2(r)− v2(0)]2〉 = − 〈ui(u · V )2〉
≈ − 〈uiu2〉 〈V 2〉 〈cos2 α〉 = −2〈v2〉 〈uiu2〉 = 8〈v2〉ǫr/d . (16)
Here α is the angle between u and V and in the second line we assumed that the vectors
u and V are weakly correlated and can be decoupled when the distance r is in the inertial
interval, r ≪ L. In the last equality we used the Kolmogorov relation (2). We thus find
that in the inertial range, η ≪ r ≪ L, Eq. (15) is reduced to
∂
∂ri
〈
vi(r)p(r)v
2(0)
〉
= 〈f · vv2〉 − 2ǫ〈v2〉 ≡ D . (17)
We thus obtain the fundamental relation on the pressure-velocity correlation function which
is the counterpart of the Kolmogorov relation (3):
〈
v(r)p(r)v2(0)
〉
= Dr/d . (18)
That relation can be tested experimentally and numerically. From a formal viewpoint,
(11,17) are particular cases of the Hopf equations which express the stationarity of the
correlation functions. Hopf equations are generally not closed; they impose some relations
between different structure functions but do not allow to find them see e. g. [30]. On the
contrary, our relations (11,17) allow one to find the correlation functions that are fluxes.
Taking divergence of (18) gives 〈v2(0)vi(r)∇ip(r)〉 = D in the inertial interval, compare it
with the single-point expression (14).
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Inverting the incompressibility condition, ∆p = −∇ivj∇jvi, one expresses pressure:
p(r) =
1
(d− 2)σd
∫
dr′
|r − r′|d−2
∂2ui(r
′)uj(r
′)
∂r′i∂r
′
j
, σd =
2πd/2
Γ(d/2)
, (19)
where ui(r
′) = vi(r
′)− vi(0). That allows one to present (18) as an integral relation on the
fifth-order three-point moment of the velocity field (we denote rˆ′ = r′/r′):
1
σd
∫
dr′
r′d
〈
v2(r)v(0)
[
u2(r′)− d [u(r′) · rˆ′]2
]〉
= Dr/d. (20)
We expressed it via the differences in the square brackets to make it explicit that the inte-
grand is regular at the origin.
Note that the force term in (17) is the input rate of the squared energy which for a general
force statistics cannot be expressed via the energy input rate. In the particular case of a white
Gaussian force, such expression is possible: 〈fiviv2〉 = (1+2/d)ǫ〈v2〉 and D = (2/d−1)ǫ〈v2〉.
Remark that the direct energy cascade, which is studied here, is absent for d = 2. For
2d inverse energy cascade, one derives in a similar way: 〈v(r)p(r)v2(0)〉 = ǫ4r/2 where
ǫ4 is the dissipation rate of the squared energy due to a large-scale sink. For the direct
cascade of vorticity ω = ∇× v in 2d, analogous flux relations on the correlation functions
〈v(r)ωn(r)ωn(0)〉 do not contain pressure and were derived and analyzed by [8].
Let us discuss the validity limits of (16) where we neglected cumulants like the structure
function 〈uu4〉c. Such structure function scales as rζ5 and is subleading at sufficiently small r
since ζ5 > 1. In other words, there exists the scale ℓ, below which the decoupling is possible.
We ask now how ℓ and ζ5 may depend on the only parameter that enters Navier-Stokes
equation, the space dimensionality d. For d = 3 we expect ℓ ≃ L. Usually, in statistical
physics [28] and passive scalar theory [3, 7, 9, 19] the statistics is getting closer to Gaussian
and decoupling improves when d grows. Somewhat counter-intuitively, one may expect a
different behaviour in turbulence because of diminishing role of pressure. To understand
how the pressure depends on d, consider how the identity ∆p = −∇ivj∇jvi behaves when d
increases while the velocity components are kept fixed. The Laplacian has d terms of different
signs. Assuming that in the limit d→∞ those terms can be considered independent, their
sum grows like
√
d. The rhs contains d2 terms and grows like d so that the pressure is
expected to grow as p ∝ √d. This is slower than v2 ∝ d so that assuming d large one may
neglect the pressure contribution into the correlation functions. Consider, for instance, the
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tensor of the fourth moment of the velocity difference:
〈uiujukul〉 = A(r)rˆirˆj rˆkrˆl + C(r) [δijδkl + δikδjl + δilδjk]
+B(r) [δij rˆkrˆl + δikrˆj rˆl + δilrˆkrˆj + δjlrˆkrˆi + δjkrˆirˆl + δklrˆirˆj ] .
At d → ∞ the difference between longitudinal and transversal velocity components is ex-
pected to decrease, as follows from the analysis of the second moment where incompressibility
and isotropy requires 〈u2
⊥
− u2l 〉 = r〈u2l 〉′/(d − 1). Comparing 〈u4l 〉 = A + 6B + 3C with
〈u4
⊥
〉 = 3C, we see that A,B ≪ C at d → ∞. Now, we generalize for d dimensions the
relation between the velocity and pressure correlation functions, derived by [17] for three
dimensions, and remarkably find out that C-terms cancel out:
〈p2〉 = d
2 − 1
12
∫
∞
0
A(r′)
dr′
r′
− d− 1
3
∫
∞
0
dr′
r′
[A(r′) + 3B(r′)] . (21)
That means that indeed 〈p2〉 grows slower than 〈u4〉 as d → ∞. Remind that generally
the correlations functions containing p and u may scale differently yet considering the limit
d→∞ at fixed r one may neglect the pressure term in (15). That would give
∇i
〈
vi(r)v
2(r)v2(0)
〉
= 2〈f · vv2〉 − 2ǫ〈v2〉 = 4ǫ〈v2〉/d (22)
(for Gaussian pumping) which is much different from ǫ〈v2〉 given by (16). That means that
at d→∞ there may exist an interval of scales, L≫ r ≫ ℓ, where cumulants are comparable
to the reducible part so that ℓ is a crossover scale between (17) and (22). That would mean
that ℓ decreases with d while ζ5 → 1 as d → ∞. Moreover, at d → ∞, the same analysis
can be done for all odd moments: ζn = 1 for n ≥ 1. We thus come to the suggestion that
the scaling of incompressible turbulence in the limit d→∞ may be the same as the scaling
of Burgers turbulence. This would not be that surprising since a single incompressibility
condition imposed on d velocity components is expected to be less restrictive as d grows, so
that flow configurations close to shocks give the main contribution to the moments. Note
that for shock-like configurations, one cannot decouple u and V as done in deriving (17).
Technically, neglecting pressure, makes all quantities
∫
v2n dr to be integrals of motion of the
Euler equation so that the linear scaling of all odd velocity moments express the constancy
of fluxes of these integrals of motion, like in Burgers, see e.g. [1]. Holder inequality then
requires the linear scaling for even moments too, which corresponds to an extreme non-
Gaussianity of the small-scale velocity statistics. Physically, pressure is a non-local field
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which couples different regions in space and is expected to act like “an intermittency killer”
as remarked by [20], see also [5, 24]. One way to find the exponents at finite d may be a
large-d expansion, which must thus be very different from that used by [3, 7, 28]: one needs
to start here from a Burgers-like limit rather than from a Gaussian statistics. That explains,
in particular, why no substantial simplification was found and why pressure terms were not
small in the large-d perturbation theory that starts from a Gaussian statistics [11].
Needless to say that the tendency of the exponents to approach unity with d growing
remains purely hypothetical on that level of analysis. However, if true, it means that the
degree of non-Gaussianity of the statistics of a single velocity component grows with d,
which agrees with the numerical comparison between three and four dimensions made in the
remarkable work by Gotoh and co-authors [6]. Scalar quantities made out of vector products
contain the sum of d terms; one cannot generally conclude whether their statistics gets closer
to Gaussian as d increases because of the competition between increasing non-Gaussianity
of a single term and the averaging over d terms.
To conclude, the formulas (11,17,18) is the main result of this work.
Acknowledgments
The work was supported by the Israeli Science Foundation, the Deutsch-Israelische Pro-
jektkooperation, the US-Israel Binational Science Foundation, the Minerva Foundation and
the German-Israeli Foundation. G.F. thanks M. Nelkin, U. Frisch, T. Gotoh and G. Boffetta
for useful remarks.
[1] Cardy, J., Falkovich, G. & Gawedzki, K. 2008 Non-equilibrium Statistical Mechanics and
Turbulence, LMS Lect Note Series 355. Cambridge Univ. Press.
[2] Chandrasekhar, S. 1951 The Invariant Theory of Isotropic Turbulence in Magneto-
Hydrodynamics. Proc. Roy. Soc. A 204, 435-449.
[3] Chertkov, M., Falkovich, G., Kolokolov, I. & Lebedev, V. 1995 Normal and anomalous scaling
of the fourth-order correlation function of a randomly advected passive scalar. Phys Rev E 52
4924-41.
[4] Chkhetiani, O. 1996 On the third moments in helical turbulence. JETP Lett. 63, 808-812.
9
[5] Gotoh, T. & Nakano, T. 2003 Role of Pressure in Turbulence J Stat. Phys. 113 855-874.
[6] Gotoh, T. et al. 2007 Statistical properties of four-dimensional turbulence. Phys. Rev. E 75,
016310.
[7] Falkovich, G., Kazakov, V. & Lebedev, V. 1998 Particle dispersion in a multidimensional
random flow with arbitrary temporal correlations. Physica A 249 (1-4) 36-46.
[8] Falkovich, G. & Lebedev, V. 1994 Universal direct cascade in two-dimensional turbulence.
Phys. Rev. E 50 3883-3899.
[9] Falkovich, G., Gawedzki, K. & Vergassola, M. (2001) Particles and fields in fluid turbulence.
Rev. Mod. Phys. 73 913-975.
[10] Falkovich, G. & Sreenivasan, K. R. 2006 Lessons from hydrodynamic turbulence. Phys. Today
59 (4), 43-49.
[11] Fournier, J-D., Frisch, U. & Rose, H. 1978 Infinite-dimensional turbulence. J. Phys. A 11,
187-198.
[12] Frisch, U. 1995 Turbulence: The Legacy of A. N. Kolmogorov. Cambridge University Press.
[13] Forster, D. 1975 Hydrodynamic Fluctuations, Broken Symmetry, And Correlation Functions,
Perseus Books.
[14] Galtier, S. 2008 von Karman-Howarth equations for Hall magnetohydrodynamic flows. Phys.
Rev. E 77, 015302(R).
[15] Gomez, T., Politano, H. & Pouquet, A. 2000 An exact relationship for thirdorder structure
functions in helical flows. Phys. Rev. E 61, 5321-5325.
[16] Gawedzki, K. 1999 Easy turbulence. chao-dyn/9907024.
[17] Hill, R. J. & Wilczak, J. M. 1995 Pressure structure functions and spectra for locally isotropic
turbulence. J Fluid Mech. 296, 247-269.
[18] Kolmogorov, A. N. 1941 Dissipation of energy in locally isotropic turbulence. Dokl. Akad.
Nauk SSSR 32 16.
[19] Kraichnan, R. H. 1974 Convection of a passive scalar by a quasi-uniform random straining
field. J. Fluid Mech. 64, 737-762.
[20] Kraichnan, R. H. 1991 Turbulent cascade and intermittency growth. Proc. R. Soc. Lond. A
434:65.
[21] Kritsuk, A. G. et al. (2007) The Statistics of Supersonic Isothermal Turbulence. Astrophys. J
665 (1), 416-431.
10
[22] Landau, L. & Lifshits, E. 1987 Fluid Mechanics. Pergamon Press, Oxford.
[23] L’vov, V., Podivilov, E. & Procaccia, I. (1997) Exact Result for the 3rd Order Correlations of
Velocity in Turbulence with Helicity. http://xxx.lanl.gov/abs/chao-dyn/9705016
[24] Nelkin, M. 1975 Scaling theory of hydrodynamic turbulence. Phys. Rev. A 11, 1737-1743.
[25] Politano, H. & Pouquet, A. 1998 von Karman-Howarth equation for magnetohydrodynamics
and its consequences on third-order longitudinal structure and correlation functions. Phys.
Rev. E 57, R21-R24.
[26] Podesta, J. J., Forman, M. A. & Smith, C. W. 2007 Anisotropic form of third-order moments
and relationship to the cascade rate in axisymmetric magnetohydrodynamic turbulence. Phys.
of Plasmas 14, 092305.
[27] Podesta, J. J. 2008 Laws for third-order moments in homogeneous anisotropic incompressible
magnetohydrodynamic turbulence. J. Fluid Mech. 609, 171-194.
[28] Stanley, H.E 1968 Spherical Model as the Limit of Infinite Spin Dimensionality. Phys. Rev.
176, 718-722.
[29] Yaglom, A. M. 1949 On the local structure of a temperature field in a turbulent flow. Dokl.
Akad. Nauk. SSSR 69, 743.
[30] Yakhot, V. 2001 Mean-field approximation and a small parameter in turbulence theory. Phys.
Rev. E 63, 026307.
11
